We show that any model with a homogeneous relationship among elements of the neutrino mass matrix with one mass hierarchy yields predictions for the oscillation parameters and Majorana phases similar to those given by a model with the same homogeneous relationship among cofactors of the neutrino mass matrix with the opposite mass hierarchy, except when the lightest mass is of order 20 meV or less.
The study of neutrino physics has greatly progressed in the last twenty years. On the one hand, there have been many experimental discoveries and breakthroughs that have culminated in determinations of the two mass-squared differences between the three neutrinos and the three neutrino mixing angles. On the theoretical side, neutrino models have been built to explain the experimental results and provide guidance for the next generation of experiments.
Many models predict a relationship among the elements of the light neutrino mass matrix, while other models predict the same relationship among the cofactors of the light neutrino mass matrix. In Refs. [1, 2] , we found that there are strong similarities between single texture zero models with one mass hierarchy and single cofactor zero models with the opposite mass hierarchy if the lightest mass in each case is not too small. This curious feature was also discussed in Ref. [3] . The phenomenon is not unique -models with two equalities between mass matrix elements are similar to models with two equalities between cofactors with the opposite mass hierarchy, as noted in Ref. [4] . We find [5] this similarity to also exist between models with two texture zeros in the light neutrino mass matrix [6] and models with two cofactor zeros in the light neutrino mass matrix [7] .
In this article we generalize this correspondence by showing that any model with a homogeneous relationship among elements of the light neutrino mass matrix with one mass hierarchy predicts oscillation parameters and Majorana phases similar to those of models with the same homogeneous relationship among cofactors of the mass matrix with the opposite mass hierarchy. Since the neutrino mass hierarchy remains undetermined, two such models are indistinguishable using current data. The allowed oscillation parameters are nearly identical when the masses are quasi-degenerate, but can differ in some cases when the lightest neutrino mass is of order 20 meV or less.
Comparison between element and cofactor models. The neutrino mass matrix can be written as
where 
Either a normal mass hierarchy (NH, m 1 < m 2 < m 3 ) or an inverted mass hierarchy (IH, m 3 < m 1 < m 2 ) are allowed, following the convention that the mass-squared difference
is responsible for the oscillation of solar neutrinos. Suppose a model imposes a relationship among elements of the mass matrix M given by
where α, β = e, µ, τ and f is a homogeneous function of the M αβ . We take the coefficients in the homogeneous function to be real, as in most models. Then from Eq. (1),
Since the coefficients in the homogeneous function are real, the complex conjugate of the above equation is
Now consider a model that imposes the same homogeneous relationship among cofactors of the light neutrino mass matrix, i.e.,
where C αβ is the (α, β) cofactor of M, given by (M −1 ) αβ = 1 det M C βα . Since the mass matrix is symmetric and f is a homogeneous function, we have f ((M −1 ) αβ ) = 0. Then since
3 )V T , we can write the condition as
To compare the element NH case with the cofactor IH case, we divide the argument in Eq. (5) by m 3 , multiply the argument in Eq. (7) by m 3 , and use the properties of homogeneous functions to write the condition for the element NH case as
and the condition for the cofactor IH case as
In the quasi-degenerate regime (m 1 ≃ m 2 ≃ m 3 ), all the mass ratios are approximately unity so that the three mixing angles and three phases allowed by the constraints are nearly identical for the two hierarchies.
For masses lighter than about 100 meV, the leading term in each argument is the third term, and they are identical. The only differences in the sub-leading terms are the two mass ratios. In the figure we plot the fractional difference between the two mass ratios with opposite hierarchies versus the lightest mass using the recent best-fit values [9] , δm 2 ≡ ) NH and (
) IH is very small and always less than 1.7% for any value of the lightest mass.
The percentage difference between (
) NH and (
) IH becomes less than 10% (5%) {2%} if the lightest mass is larger than 19 (27) {42} meV. Hence except for conditions with α and β such that V α3 V β3 is small compared to V α1 V β1 and V α2 V β2 , the two conditions are almost the same for masses that are not nearly degenerate. Even in some extreme cases, such as α = β = e, for which the θ 13 -dependent leading term is relatively small, the two conditions are almost identical if the lightest mass is larger than about 20 meV, with the percentage difference between the two mass ratios less than 10%.
To compare the element IH case with the cofactor NH case, we divide the argument in Eq. (5) by m 1 and multiply the argument in Eq. (7) by m 1 to obtain
for the element IH case and ) NH and (
) IH is always less than 1.7% for any value of the lightest mass.
In the above analysis we only considered real coefficients in the homogeneous functions.
For complex coefficients, the complex conjugate of Eq. (4) Although our proof used only one condition, the same arguments can easily be applied to multiple conditions. The only requirement is that there be two models with the same homogeneous conditions for the elements and cofactors, respectively. A consequence is that a model with two texture zeros yields predictions for the oscillation parameters and Majorana phases similar to those of the corresponding model with two cofactor zeros. Likewise, as noted in Ref. [4] , models with two equalities between mass matrix elements are similar to models with two equalities between cofactors.
Application to neutrino model building. The homogeneous relationships in Eqs. (3) and (6) are quite common in neutrino mass models, such as texture zero models [3, 6, 10] , cofactor zero models [7, 11] , scaling models [12] , and models in which two mass matrix elements or cofactors are equal [4] . The latter includes the µ − τ symmetric models that This leads to an even more ambitious conclusion: any model consistent with the observed mixing angles (and phases) for the light neutrinos will have a dual model with the opposite mass hierarchy. We can build the dual model by choosing M R to be proportional to M, and according to our argument above (with M D proportional to the unit matrix), the model generated by M R would have a light neutrino cofactor matrix that is proportional to M.
Thus the cofactors are related to each other in the same way the elements of M are related to each other, so the model generated by M R with the opposite mass hierarchy will be dual to the model represented by M, and we cannot distinguish these two models without knowing the mass hierarchy. Defining M D = diag(c 1 , c 2 , c 3 ) and (M R ) ij = R ij , since M R is symmetric, the cofactor matrix for M becomes
general a more complicated homogeneous relationship among elements in M R , such as those involving more than one element, will not be inherited by the corresponding cofactor matrix unless there is a special relationship among the c i . For example, R µµ = R τ τ does not imply
Conclusion. We have shown that if a model has a homogeneous relationship among elements of the light neutrino mass matrix, it will yield predictions for the oscillation pa- However, any model that fits current neutrino data will have a dual model with the opposite mass hierarchy. We have shown that if the Dirac mass matrix is proportional to the identity matrix, a dual cofactor-based model can be generated via the seesaw mechanism if the right-handed neutrino mass matrix has the same homogeneous relationships as the light mass matrix elements in an element-based model. Since the mass hierarchy has not been experimentally determined, we cannot currently distinguish these dual models from each other.
Current global fits to oscillation data have almost identical best-fit values for the neutrino mixing angles and mass-squared differences for the two hierarchies. However, different allowed regions for the oscillation parameters for different mass hierarchies can lead to a breakdown of duality. In fact, the 2σ allowed regions are somewhat different, especially for the value of θ 23 , where second octant values (θ 23 > π/4) are allowed only for the inverted hierarchy [9] . Due to this difference, the 2σ allowed regions for dual models differ even in the quasi-degenerate regime in a few cases we have studied.
The dual model ambiguity can be resolved by experiments that distinguish between the normal and inverted hierarchies, such as long baseline neutrino experiments (T2K [15] , NOνA [16] , and LBNE [17] ), atmospheric neutrino experiments (PINGU [18] , and INO [19] ) and medium baseline reactor experiments (Daya Bay II/JUNO [20, 21] ), or a combination of these [22] . Also, tritium beta decay, neutrinoless double beta decay (0νββ), and structure formation in our universe depend on the nature of the neutrino mass pectrum, and in principle can be used to distinguish between dual models. The 95% C.L. sensitivity of the KATRIN experiment [23] β , which is insufficient to break the duality. The effective Majorana mass measured by 0νββ experiments is constrained to be smaller than 140-380 meV at the 90% C.L. [24] , which cannot break the duality. The future sensitivity of 0νββ experiments is expected to be 50 meV or lower [25] , which would provide a partial but strongly model-dependent resolution of the dual model ambiguity [1, 2] . The current 95% C.L. upper bound on Σm i from cosmology is 0.66 eV [26] , which permits a quasi-degenerate spectrum, so that the duality is unbroken. In the future, lensing measurements will probe Σm i as low as 0.05 eV [27] , which will help distinguish between dual models.
